Overlap-Driven Subspace Drift in Rolling Covariance Windows

June 28, 2026

Abstract

We analyze adjacent increments of top-r spectral projectors computed from rolling sample
covariance matrices. Adjacent windows of length W share W — 1 observations, so their covariance
difference is driven only by the entering and exiting boundary observations and has rank at
most two. Under a static Gaussian bulk-plus-spikes null, conditioning on the shared core yields:
conditional exchangeability of the two adjacent projectors; an exact one-pair sign-randomization
calibration for oriented projector contrasts; a null fluctuation benchmark of order r/W?; and, in
the fixed-rank strongly spiked regime, the leading expansion
~ = 2 2 Vsup (2, _ 205ub (2, 7
E|P - P, = awv(v> +o(W) = (W(l))
where ay = (W — 1)/W and 04y, is the spectral difficulty of Definition 4.1. Thus the common
shorthand 204,,(2,7)/W? is asymptotically correct, while 204,,(%,7)/(W — 1)? is the more
accurate finite-WW leading benchmark. Because the population subspace is fixed under the null,
this constant is a noise floor for detecting genuine subspace movement, not a measure of drift
itself. We also give a boundary-driven least-favorable family showing that this r/W? scale is

sharp for the corresponding rolling drift target.

+o(W™?),

1 Introduction

1.1 The adjacent subspace increment

Let {rs} be a sequence of mean-zero random vectors in R", let I; = {t — W +1,...,t} denote the
rolling window of length W ending at time ¢, and define the rolling sample covariance

N 1
Y = G Z rsr;r.
sel

For a symmetric matrix A with a positive top-r eigengap, let P(A) denote its top-r spectral projector,
and write P, = P(3;). The object of this paper is the adjacent subspace increment

P — P .
Our focus is neither the covariance estimate itself nor single-window principal component analysis,
but the increment of the estimated principal subspace between two consecutive windows. The
windows I;_1 and I; overlap in W — 1 observations, so that

-~ -~ 1
Et — thl = W(Tt’l“;r — Tt_WT;r_W). (1)

Although each estimate it is built from W observations, their difference has rank at most two
and depends only on the entering observation r; and the exiting observation r;_y,. The rank-two
boundary identity (1) is the source of the faster decay rate that we establish for the adjacent
increment.



1.2 Related work

Principal subspaces and spectral projectors of covariance matrices are central objects in multivariate
statistics. Their behavior in high dimensions has been studied extensively under the spiked covariance
model of Johnstone [11]; see Paul [17] and Benaych-Georges and Nadakuditi [3] for the eigenstructure
of low-rank perturbations of large random matrices. Finite-sample and minimax theory for principal
subspace estimation includes Vu and Lei [21], Cai, Ma and Wu [5], and Cai and Zhang [6]. The
underlying perturbation theory for spectral projectors goes back to Davis and Kahan [7], Wedin [23],
and Kato [12]; see also Stewart and Sun [18] and Bhatia [4]. Sharp operator-norm concentration for
sample covariance operators in terms of effective rank is due to Koltchinskii and Lounici [13].

Rolling-window covariance and subspace estimates are widely used to track time-varying second-
order structure and to localize changes in covariance [2, 22]. In such analyses the temporal overlap
between consecutive windows is typically not exploited. The present paper isolates the effect of this
overlap on the projector increment and shows that, under a static null, it produces a drift scale
smaller by one factor of W than the single-window estimation error.

The scope is intentionally narrow. The exact exchangeability and one-pair sign-calibration
statements use an i.i.d. boundary pair independent of the shared core; serial dependence or local
nonstationarity can break the swap argument unless the data are first blocked, resampled, or
modeled so that an exchangeable boundary experiment remains valid. Likewise, the constant-level
expansion is proved in a strongly spiked regime with fixed r spikes of order n, an O(1) bulk, and a
gap of order n, so the effective rank is O(1) and the rates are dimension-free in this class. These
assumptions are natural for the clean null calculation, but they are substantive modeling restrictions
for rolling-window applications.

1.3 Contributions

We work under a static Gaussian bulk-plus-spikes null, made precise in Section 2. Under this null
the population subspace does not move, so the increment P,—P_iis pure estimation noise, and its
size is the natural benchmark against which true subspace drift must be detected. Our contributions
are the following.

1. Conditional exchangeability (Proposition 5.1). Conditional on the shared core of W — 1
common observations, the two adjacent projectors are independent and identically distributed;
in particular the increment is conditionally mean-zero.

2. Ezxact one-pair randomization calibration (Theorem 5.2 and Corollary 5.3). Any antisymmetric
functional of a fixed adjacent projector pair — in particular any linear contrast of P — P
whose contrast is measurable with respect to the shared core — has a sign-symmetric conditional
law. This gives an exact one-pair randomization calibration for oriented contrasts. It is
intentionally a coarse single-pair calibration; using many overlapping rolling times additionally
requires blocking, a dependence argument, or resampling calibration.

3. Adjacent-window null-increment benchmark (Theorem 5.11). The expected squared Frobenius
increment is of order r/W?2, in contrast to the single-window projector error of order r/W.

4. Constant-level expansion (Theorem 5.12). In the fixed-rank strongly spiked Gaussian regime,
the operative finite-W leading approximation is

lbsub(za T) T

_ 2 Osub(z, T’)
a%,[, W2

E P - E*H; - o(W™?) (W —1)2 o(W™5).

The limiting shorthand 204,,/W? is asymptotically equivalent. This is a regime-specific
Gaussian constant, not a universal high-dimensional PCA constant.



5. Boundary-driven least-favorable sharpness (Proposition 7.1 and Remark 7.2). A boundary-
driven hypercube gives a minimax lower bound of order r/W? for the rolling drift target
Dyl = P(%,) — P(Z;_1). Over that same local family the drift itself is at the null scale, so
the zero estimator matches the lower-bound rate. This section should therefore be read as a
sharpness statement at the null floor, not as a claim of nontrivial recovery below that floor.

Standard perturbation and concentration results used as inputs are collected in Section 3.

1.4 Notation

For a symmetric matrix A, Aj(A) > --- > A,(A) are its ordered eigenvalues, [A[,, its operator
norm, ||Al|p its Frobenius norm, and (A, B)p = tr(A' B) the Frobenius inner product. We write
a < bif a < Cb for a constant C' depending only on the fixed spectral constants and the rank r,
ax<bifa<band b < a, and a = O(b) analogously. For a Hilbert-space-valued random variable X
and a sub-c-algebra G,

Vr(X | G) =E[|X ~E[X | Gl | d]

is the conditional Frobenius variance.

2 Setup

Let P(A) denote the top-r spectral projector of a symmetric matrix A whenever it is uniquely
defined. On null sets with eigenvalue ties, fix any measurable tie-breaking convention. The static-null
results below use the following i.i.d. Gaussian model.

Assumption 2.1 (Static Gaussian null). On I;UI;_1, the vectors r4 are independent and identically
distributed as N (0, X).

Assumption 2.2 (Bulk-plus-spikes spectrum). The rank parameter r is fixed. Eigenvalues are
ordered as
A(X) > X (X) = = A (D).

There exist constants 0 < m < M < oo and 0 < ¢y < C) < 0o, independent of n and W, such that
m< (X)) < < Mg (B) < M, en <A () < <A (B) < Cyn.
Assumption 2.3 (Population eigengap). Let § = A\.(2) — Ay y1(X). Assume
d > csn.

Assumption 2.4 (Asymptotic convention). The spike rank r is fixed, n may grow, and W = W,, —
0o. Whenever exponential sample-covariance concentration is invoked in a theorem statement,
we assume W > Cigglogn and W > Wy, with constants Cj,e and Wy depending only on the
fixed spectral constants and on r. This global convention is stronger than what the effective-rank
concentration input alone requires; it is retained to make all later high-probability and union-bound
statements uniform.

The bulk-plus-spikes scaling of Assumption 2.2 places the model in the spiked regime studied
by Johnstone [11] and Paul [17]: r spikes of order n separated from an O(1) bulk by a gap of
order n. This is the benign, well-separated regime; the consequences of relaxing it are discussed in
Remark 8.1.



3 Auxiliary standard inputs

We collect the standard perturbation and concentration results used in the sequel. They are stated
in the form convenient for our purposes and are included to keep the paper self-contained.

Lemma 3.1 (First-order projector expansion). Let A = AT have etgen-decomposition
n
A:Z/J'kvkvl—qrv /’LIZZ/"L'HJ
k=1

and suppose the top-r eigengap v = py — pr41 @ positive. Let P(A) be the top-r spectral projector
of A. Define the reduced-resolvent derivative

vl Bt . iy
vjv; Evjv; + vy Eoju;

LA(E)= )

i<r<j i = 1

There exist constants co € (0,1/4] and C, < oo, depending at most on the fized rank r, such that if
|Ellyp, < cov, then the top-r projector P(A + E) is uniquely defined and

21l
IP(A+E) = P(4) = La(B)|p < G5,

Consequently,

1E]op
1P(A+ E) - P(A)llp < CrT-

Proof. Let P = P(A) and write P = P(A + E). By Weyl’s inequality [4, Ch. III], if [E|lyp <v/4
then the top-r spectral cluster of A + F remains separated from the lower cluster by at least /2,
so P is uniquely defined. We use the standard local perturbation expansion for spectral projectors
across an isolated gap [12, 7]: the map H — P(A + H) is twice Fréchet differentiable on the
operator-norm ball [|H|[,, < /4, its derivative at zero is the reduced-resolvent operator £, and

[1B1llop Il B2llop
2

|D*P(A+ H)[By, By -

<C
op

for all ||H||,, <~/4. This is the standard second-order bound for spectral projectors across an iso-

lated spectral gap; equivalently, it follows from the Riesz-projector (contour-integral) representation

[12, Ch. IT] using any contour that strictly separates the top-r cluster from its complement.
Taylor’s formula therefore gives

2
1215
5 -

“P(A+E)_P<A)_£A(E)“opSC ~
The linear term has the displayed coordinate form by differentiating the spectral projector in the
eigenbasis of A. Finally, P(A + E) — P(A) is the difference of two rank-r projectors and has rank
at most 2r, while £4(E) has only the two off-diagonal blocks between P and P+ and rank at most
2r. Hence the remainder has rank at most 4r, so

I1EI;
IP(A+ E) = P(A) = LA(E)||[p < 2Vr |P(A+ E) = P(A) = LA(E)|lo, < Cr 72013-
The final Lipschitz bound follows from [[La(E)|z < C; || E||,, /v and the remainder bound, after
decreasing ¢ if necessary. O



Lemma 3.2 (Gaussian operator-moment tools). Let Sy = N~V S0 apx] with xy Y N(0,%),
and suppose Y. satisfies Assumption 2.2 with fixed r. Then, for all N > Ny,
4

n
E|Sy —X[2, < Cam-

In particular E || Sy — ZHzp < Cn?/N by Jensen’s inequality. Moreover, for every sufficiently small

fized n > 0 there are constants ¢,C' > 0 such that
P{||Sn — Xy, > nn} < CemN
whenever N > Ny.

Proof. The effective rank satisfies

tr
rer®) =gy, = OO

under Assumption 2.2, since tr¥ =< n and || X op = n. The Gaussian effective-rank covariance
u

concentration inequality [13, Thm. 9] gives, with probability at least 1 —e™",

Tef(2) +u  Teg(X) +u
||sN—zuops0|z||op( Rt i) )

Since [[X]|,, < n and ref(X) = O(1), the preceding tail bound can be integrated explicitly as follows.
After enlarging constants, it implies the stochastic domination

[1+U 1+U
”SN—Z‘op<On( N+N)

for a nonnegative random variable U with exponential tail P{U > u} < e™". Hence, for N > Ny,

E(1 2 E(1 4 4
EHSN_Z‘|§I)SCH4< ( +U) + ( +U)>

n
N2 N4 = Cﬁ

The sub-exponential part of the concentration inequality contributes only the N~% term and is
dominated for N > Ny. The second-moment bound follows from E ||Sy — Eng < (E||Snx — E||§p)1/2.
Taking u = cgN with ¢y > 0 sufficiently small gives the exponential deviation bound once N > Nj.
We emphasize that this concentration inequality is dimension-free: because rog(X) = O(1), no
condition of the form N > Cjys logn is required here, and the displayed exponential bound holds
for all N > Ny uniformly in n. The ambient condition N > Cjoe logn in Assumption 2.4 is retained
only as a convenient sufficient condition for those downstream union bounds that are stated in

dimension-dependent form. ]

4 Linearized spectral difficulty

Definition 4.1 (Spectral difficulty). Let ¥ = Y7, )\kuku; with Ay > -+ > Ay and A\, > Ay,
Define A
sup (B, 7) =2 —
su i;j ()\z _ )\j)Q
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Remark 4.2 (Factor-of-two convention). The leading factor 2 is kept inside the definition so that
the single-window linearized projector risk is exactly dgu, (X, 7)/W (Proposition 4.3). Write

AiAj
S(Z,T’) = Z m = %Osub(z,r)
i<r<g \7t J

for the un-doubled cross-spectral sum. The adjacent drift constant of Theorem 5.12 is then
20gub/W? = 4s/W? for the full squared increment, and ds,,/W? = 2s/W?2 for the half-norm

~ a2
increment % HPt — P HF Applications that adopt the un-doubled sum s as their working spectral-

difficulty functional must carry the compensating factor 2 in these benchmarks; mismatching the
convention rescales every null benchmark by a factor of two.

Proposition 4.3 (Exact linearized projector risk). Let P be the top-r projector of a fized covariance

Y and let
T

T T .l .
uju; Euiuy + uiug Euju;

Xi— A

Ls(BE)= )
1<r<g

Then
2

(B2 < 2 ‘ujTEuz
IE=B)F=2 > =y

i<r<j

IFE=wSW, vl with ii.d. ry ~ N(0,%), then

e
If
H:%(nrrl—r_?{), 7“+,7”—i’igN(072)a
then
E|[co(a) [} = 22enir),

T.;
j 11 <

r < j} in the reduced-resolvent expression: each pair (7, j) contributes the coefficient (u]TEuZ) /(i —

Proof. The Frobenius identity follows from the orthonormality of the matrix units {uju:, U

;) on both u;u, and uzu;r (equal because F is symmetric), giving the displayed sum. For Gaussian
data and i # j, Isserlis’ formula [9, 10] together with the orthogonality u, Yuj = \;id;j gives

- 2 A 2 20
T _ i Torr,, |2 4AiAf
E ’uj (X=X = , E ‘uj Hu;| = 5
Summing over ¢ < r < j and using the definition of 04}, proves both claims. ]

Corollary 4.4 (Bulk-plus-spikes first-order scale). Under Assumptions 2.2-2.3,
Osub (X2, 7) = O(r).

Hence the first-order single-window linearized projector scale is /W, while the first-order adjacent-
window linearized scale is v/W?2.

Proof. For i <r < j,
)\ixn, )\le, )\i—)\jxn.

Thus each summand is < 1/n. There are r(n — ) summands, giving O(r) for fixed 7. O



5 Adjacent-window overlap theory

5.1 Rank-two identity and shared core

For adjacent windows, identity (1) reads

S 1 T T
=31 = W(Ttrt - Tt—WTt_W)>
so the covariance difference has rank at most two.
Under the static null X3 = X on I; U I;_1, define the shared core and its normalization constant

by

1 = w1
Cy = — Z ’I“s’l”;r, aw = o
s=t—W+1

Then EC; = aw X, not X. This centering is important because

S L7 S 1 T
Y= Ct + Wﬁ?“t , Yil1 = Ct + WTt_WTt—W'

Let ¢¢, (v) denote the top-r spectral projector of Cy+W ~lvv T, with the same measurable tie-breaking
convention if needed.

Proposition 5.1 (Conditional exchangeability). Under the static null, conditional on
gt — O-(’rt7W+1a cee 7Tt—l)a

the projectors
Py =¢c,(re), P11 =dc,(re-w)

are independent and identically distributed. Consequently,
o~ ~ o~ 2 ~
EIP =Pt |Gl =0,  E|P— P, =2E[Ve(P | G)].

Proof. Conditional on Gy, the core C; is deterministic and r¢, 7,y are i.i.d. N(0,3), independent of
the core; hence P, and P,_; are i.i.d. given G;. For two conditionally i.i.d. square-integrable Hilbert-
space-valued variables X1, X5 one has E[||X; — Xa||% | Gi] = 2Vp(X1 | Gi), because E[(X1, Xo)r |
Gi] = |E[X1 | Gi]||3; taking the unconditional expectation gives the stated identity. O

Theorem 5.2 (Exact one-step conditional sign randomization). Under the static null, let A be any
measurable Hilbert-space-valued functional of two rank-r projectors satisfying

A(Q1,Q2) = —A(Q2,Q1).

Then, conditional on Gy,
o~ o~ d o~ o~
A(Pt, Ptfl) = —A(Pt, Ptfl).

This applies to oriented statistics such as P, — P,_1 and to linear contrasts of this difference. It does
not by itself calibrate the nonnegative magnitude Hﬁt — ﬁg_l“F, nor does it give the full finite-sample
null law of such norms.

Proof. Swapping the two conditionally i.i.d. boundary vectors r; and r;_y preserves the conditional
law and reverses the order of the two projectors. Antisymmetry of A negates the statistic. O



Corollary 5.3 (Exact one-pair sign calibration for oriented contrasts). Under the static null, fix
any deterministic symmetric matrix A or any Gi-measurable symmetric matrix A¢, and define

Ty = (A, P, — P_1)p.

Then, conditional on Gy,

Consequently, if P(Ty = 0 | G¢) = 0, the conditional signs of Ty are exactly balanced under the static
null, which yields an exact one-pair randomization calibration for this fixed adjacent pair in the sense
of randomization tests [15, Ch. 15]. If there is an atom at zero, exact calibration requires an explicit
zero convention, such as randomizing the sign when Ty = 0; treating zeros as non-rejections gives a
conservative test. The measurability requirement on Ay is essential: a contrast that depends on the
boundary swap (for instance, the leading eigenvector of P — ﬁt,l) co-rotates with the difference and
the symmetry fails. The statement concerns oriented contrasts and does not give the full null law of
the nonnegative norm Hﬁt — f’t,lHF.

Proof. Apply Theorem 5.2 to the antisymmetric functional A(Q1, Q2) = (As, Q1 —Q2) F, conditioning
on G when A; is random; the swap leaves A; fixed precisely because A; is G;-measurable. O

Remark 5.4 (Sequential use of the sign symmetry). The sign symmetry in Corollary 5.3 is a
one-step conditional randomization statement. It says that, for a fixed adjacent pair (l;_1,I;) and a
contrast A; measurable with respect to the shared core, the conditional law of

Ty = (A, P, — P_1)p

is symmetric about zero.

If the statistic is evaluated over many consecutive times, the resulting signs need not be
independent. Adjacent rolling increments share observations, and their shared cores also overlap.
Therefore the corollary by itself gives exact calibration for a single oriented contrast, or for collections
of contrasts constructed from conditionally independent or otherwise properly blocked adjacent
pairs. A simultaneous or time-series sign test over many overlapping times requires an additional
dependence argument, blocking scheme, or resampling calibration.

5.2 Shared-core separation
Let

n
Cr=1 Mglly, A1 > = A,
k=1
and define the good event
Efre = {||Ct —awX|,, < nawn} .

Under the static null, 6; := A\ (2) — A\p11(2) = d > ¢sn. Choose n > 0 sufficiently small relative to
¢y and cy; for example, it is enough to take

On &7°'¢, Weyl’s inequality [4, Ch. III] gives

- 5
Ar = A1 2 awdy — 2nawn > aVQV 5




where the last step uses 7 < ¢5/4 < 6;/(4n). Since W — oo, the factor ayy = (W —1)/W is bounded
away from zero and does not affect the order of the bounds below. Define the top-r shared-core

projector
Z i)

whenever the shared-core eigengap is positive. On the complement of this event, all shared-core
derivative quantities used below may be assigned arbitrary measurable values, and we take them to
be zero. All identities involving L¢,, Q(Cy, X), and Ly = L¢,(H;) are asserted only on the positive-
gap event, or after multiplication by an indicator that restricts to that event. This convention is
purely notational and avoids undefined expressions on bad events.

Lemma 5.5 (Shared-core separation probability). Under the static null and Assumptions 2.2-2.3,
there exist constants ¢, C > 0 such that

[P;((gtcore)c) < Ce—cW
whenever W > Wy for a sufficiently large constant Wy.

Proof. Write

1 t—1
Cy = aw S;™"°, ST = W1 > rerd
s=t—W+1
so that [|Cy — awX||,, = aw [|S{*" — X|,,. The core consists of W — 1 i.i.d. N(0,X) vectors, and
Lemma 3.2 (with N = W — 1) gives IE”{||SC°‘”e Elpp > mm} < Ce=W once W > Wy. Therefore

|Ct — awX||,, < nawn with probability at least 1 — Ce=W, O

5.3 Conditional linearized risk

On the event Xr > Xr+1, let L, be the Fréchet derivative of the top-r projector map at C, expressed
in the shared-core eigenbasis. Off this event we use the zero extension fixed above:

S~ ~Tr~~T | ~~Tr~ ~T
o) = 3 B IR LR B

i<r<j Ai — )‘j

Define, also in the shared-core eigenbasis,
a; — ﬂlTEﬂZ, bj = ﬂjTEﬂ], Cij = ﬂ:Eﬂ]
Note that c¢;; need not vanish, since the shared-core eigenvectors do not in general diagonalize 3.

Proposition 5.6 (Exact conditional linearized risk). Under the static null, on the event Xr > S\T+1,
with

1
H; = W(W: —rewriw),
one has
a;b; +c
E(|Lc,(H)|Z | 6] = w2 Y =
’L<7‘<j A _)‘>



Proof. For one boundary term A = 2" /W with  ~ N(0,X), conditional on G,

Rl

T
1

e (M)F =3 22

]—
i<r<j ()\Z ])

By Isserlis’ formula [9], with g; = @, = and g; = ﬂ;x jointly Gaussian,
2
Elgig; | Gi] = Elg7] Elg7] + 2(Elgig;])” = aibj + 2¢5;.
Also, since E[Lc, (A) | G = W Lo, (D),

IELc, (A) | Gl = 37 Z

z<r<] ])

Since the two boundary terms are conditionally i.i.d., the second moment of their difference equals
twice the conditional variance of one term, i.e.

E[|Co,(H) I3 | 6] = 2(E[1£c, Q)12 | G~ [ElLe,(A) | GlI).
Substituting the two displays gives

Z albj + 2012]) Cl] . Z a/zb + C
w2 i<r<j ()\l - )‘j)2 r<j )‘J)

For later use, on the positive-gap event define the shared-core variance functional

Q(CHLY) =4 Z

z<r<J )‘J)

(Zzb +c

and set Q(Cy, X) = 0 off that event, with the measurable eigenbasis convention fixed above. Thus,
on the positive-gap event,
Q(Ct7 2)

2
Ell[Lc,(H)|7 | G¢] = e
More generally, if a deterministic symmetric matrix A has an isolated top-r cluster, define

QUAD) =E|ata” —uy")| . =y NO5),

where L4 is the Fréchet derivative across that isolated gap. When A = C; on the shared-core gap
event, this basis-free definition agrees with the coordinate formula above.

Lemma 5.7 (Shared-core linearized statistic is order 7). Assume the static null and work on Ef°°.

If W > Wy, so that aw is bounded away from zero, then

Consequently, for W large enough,

10



Proof. On &°™,

~ o~ 1)
Ar — A1 = awdy — 2nawn > aV; b=n

Hence for i < r < j, i — XJ‘ 2 n. Also

X < awhi(D) + |Cy — awS]l. Sn (i <),

op ~

and C;y = 0, SOOSXJ' Sxignfori§r<j. Thus(xi—xj)zanfori§r<j. By
Cauchy—Schwarz, c?j < a;bj, so

Z (aibj + C?j) <2 Z aibj = 2(2 ai) (Z bj).
i<r<j i<r<j i<r J>r

Since ¥ has r spikes of size O(n) and bulk trace O(n),

Z%’STHEHOP,ST‘TL, ijgtr2§n.
i<r j>r

Dividing by denominators of order n? gives the upper bound Cr.
For the lower bound, on &',

i > awhi(D) — |G — awX,, 2 n (i <r).

Oop ~~
Moreover, since u; is a unit eigenvector of Cy with eigenvalue \;,
~T ~ o ~Tr~ T
awa; = u; (awX)u; > u; C; — [|Cp — awX| o, = A — [Cr — aw X, -

Choosing 7 sufficiently small gives a; 2 n for i < r. Also, by the Ky Fan variational principle [4,
Ch. I11],

Shi=tr((I-POE) > Y (D) 20
Jj>r k=r+1

Therefore, dropping c?j > 0 and bounding the denominators above by Cn?,

a;b; —I—CZZJ- 4
'E Gonp e () ()2

1<r<j i <r j>r

=T

(rn)(n)
n2

This is the lower bound cr. Proposition 5.6 and Lemma 5.5 then give the expectation statement. [

Lemma 5.8 (Boundary tail at an arbitrary fixed threshold). Under the static null and As-
sumption 2.2, if r4 ~ N(0,%) independently, then for every fized k > O there exist constants
Cr, Cr, Wi > 0, depending only on k and on the spectral constants, such that

P{||lr+|3 > knW} < Cre™ W
for all W > W,.
Proof. Write ||r4|3 = Y7, A\xZ? with independent standard normal Z. Assumption 2.2 gives

tr X < Cyn, tr(2?) < C1n?, [3]lop < Con.

11



For the fixed threshold x > 0, choose W,; > 2Cy/k, so that for W > W,
K
knW —tr> > §nW

The Bernstein-type bound for weighted chi-square variables [14, 8, 20] gives, for all u > 0,

u? u
Pllre] —trE>ut <exp |—cmin | ——, —— | | .
s } tr(32) " 1%y
Substituting u = (k/2)nW yields, since u?/ tr(X2) > W2 and u/ 1Z]op 2 W,
P{||r+|j3 > knW} < exp {—cmin{cﬁiwz, C;WH < Cre™ W,

after adjusting constants. O

Lemma 5.9 (Fourth moment of the shared-core linearization). Assume the static null and work on
e, Let

1
L, = Le, (W(nr; — rt_wrtT_W)> .

Then

2

Wi

Proof. Conditional on Gy, the core Cy and hence the linear map L¢, are fixed, and r¢, r—w are i.i.d.

N(0,%). Writing

E[| Lz | ] < C

rtr;r — Tt,WTtT_W = (rtr: -X) - (rt,WT:_W -,

each centered term lies in the second homogeneous Gaussian (Wiener) chaos of the corresponding
boundary vector, with no zeroth- or first-order component; applying the fixed linear map L¢, and
subtracting two independent copies keeps L; in the second chaos. Hypercontractivity for Gaussian
chaoses [16, 10] therefore gives

E[IL} | G < C (ENIL? | 6)

By Proposition 5.6 and the upper bound in Lemma 5.7, the conditional second moment is at most
Cr/W? on Ef°*. Squaring gives the claim. O]

Lemma 5.10 (Shared-core derivative replacement on the good event). Assume the static null,
Assumptions 2.2-2.3, fixed r, W — oo, and W > Cloglogn. Then

CE ”Ct - aWzHop

2
E HQ(CmE) - aTasub(E,T) lggore | < = O(W~2) = o(1).

w

n

Proof. Write
A():Oéwz, A:Ct, EA:A—A().

By Lemma 3.2, applied to

1 t—1

core ,__ T _ core
Sy = W1 Z TsTs Cy = awS;™°,
s=t—W+1

12



we have
n

VW'

It remains to justify the Lipschitz dependence of the variance functional Q(A, ) on the base
matrix A. We do this in a basis-free way, avoiding any dependence on the possibly unstable
eigenvectors inside the lower spectral cluster.

Let T" be a positively oriented contour enclosing the top-r spectral cluster of Ag = aw> and no
lower eigenvalues, chosen so that

EllEallyp = awE (S =%, <C

length(I') < Chn, dist(T', spec(A4p)) > cn.

For 7 sufficiently small, the same contour also separates the top-r cluster of every A satisfying

1A = Aollyp, < nown,
and for such A,
C
sup H(z[ —A)7 <=
zel P n

The Fréchet derivative of the spectral projector admits the Riesz formula

1
LAB) == | (2I = A)7'B(zI — A)~ ' dz.
alB) = 5= [ (eI = A BGI - )7 ds
Hence, for any symmetric B,

1By
I£a(B)p < Crm 2,

because the integral has operator norm at most C || B[,, /n and its image lies in the off-diagonal
blocks between a rank-r subspace and its orthogonal complement, hence has rank at most 2r.
Similarly, by the resolvent identity

(21 = A)™ = (2 = Ag) ™" = (21 — A) "1 (A = Ag)(2I — Ag) ",

we obtain

HA - AOHop ||BHop

[(£a = Lag)(B)p < Crrt s

Indeed, the integrand difference contains one resolvent difference and two resolvent factors in total,
giving the bound C'[|A — Aol|,, || Bllop /n3 pointwise on I', and the contour has length O(n).
Now let B
Z=wxT —yy",  xyC NO ).
By the basis-free definition of Q(A,Y), the identity Q(A,X) = E ||L'A(Z)||§7 is used only for base
matrices whose top-r cluster is isolated by the contour I'. Therefore, on the above neighborhood of
AOa
1Q(A, %) = Q(Ao, X)| SE[(ILaA(Z)]p + 1£a0 (D) p) (L4 = Lag)(Z) ] ]
1A = Aoll 2
< CrTOpE 1Z15p -
Since
1Zllop < llzll5 + llyll3

and, under Assumption 2.2,

E|z|; = (tr£)? 4+ 2tr(2?) < Cn?,

13



we have

E|Z|3, < Cn®.

Consequently,
HA - AO Hop
Q(A,5) - QA0 )| < -,
It remains to evaluate Q(Ap, ). Since Ay = ap X has the same eigenvectors as X and eigenvalues
aw Ak, the coordinate formula of Proposition 5.6 gives

2
QoD =1 Y AN = gm0
z<7“<] ()\ B >\ ) aW
Combining this identity with the preceding Lipschitz bound and integrating over £°™ yields
2 E|C; — awX
N HQ(Ct,E) — 5 b (B, 7)| Lgeore | < C il lop <Ccw
agy n
This proves the claim. O

Theorem 5.11 (Adjacent-window null-increment benchmark under the static null). Assume the
static null on Iy U I;_1 and Assumptions 2.2-2.3, with r fized. There exist constants c,C, Ciog > 0
and Wy < 0o, with Clog and Wy depending on the fized rank r and the spectral constants, such that
if

W > Ciog logn and W > W,
then

2
< <(C— W
W2 E||P — P, CW2 +Cre
Proof. Let 4¢ = A — Xr-i—l be the top-r shared-core eigengap when positive, and set

1 _ 1 _
A;r = Wrtr:, A = Wrt—Wle, H; = Azr — AL

Choose a small constant p € (0, cg|, with ¢ as in Lemma 3.1, and define

H, = £ N {HA;F

Jvlail, <o)

On &£7°' there is a deterministic constant ¢, > 0 with &> cyn. Choose the fixed threshold
k = pcy/2. Then

2 2
ll7¢]l5 y lre-wllz n
w w -

implies HA;F Hop V HA; Hop < pvtc , hence implies H; on E'°.

The complement of H; is contained in the union of (£;°7°)¢ and the event that at least one
boundary vector exceeds the fixed threshold knW. Lemma 5.5 controls the first event and Lemma 5.8,
applied with this #, controls the second. Therefore P(H§) < Ce™W.

On H;, Lemma 3.1 applies at C; to both A" and Ay, so

= P(Cy) + Lo(AN) + RS, Py = P(Cy) + Loy (A7) + Ry,

14



A

i [, = . [

/(7€)2. Subtracting,
p

P,— P =Lc,(H)+R>  RA=R/—R;.

On H;, since y& < n,

2
E[HRtAHF 17'“] < C’T4‘
Here we used E ||r4||3 < Cn?, which follows directly from the bulk-plus-spikes scaling: if r4 = %/2g
with g ~ N(0,1I,), then |[r.|3 = >, Aeg?, and the fourth moment of this quadratic form is a
universal polynomial in tr ¥, tr(3?), tr(X3), tr(3*). Under Assumption 2.2 and fixed spike rank,
tr(Ef) < Cynt for 1 < £ < 4, hence the stated eighth-moment bound.
Let Ly = Lc,(Hy). By Lemma 5.7, E[|| L¢||5 Lgcore] < 7/W?, and Lemma 5.9 gives the matching

fourth-moment bound. Therefore, by Cauchy-Schwarz and P(H$) < Ce™W,

roo_
E[HLtH%‘ 1gtCoremrH§] S \/E[HLIEH%' 1gtcore] \/P(Hg) S Cﬁe CVV/Q7

hence E[|| L[| 7 14,] < r/W2.
For the upper bound, use HLt + RtAH; < 2| L% + 2 HRtAHi on H; and Hﬁt - ﬁt_lH; < 2r on
Hf, giving
E Hﬁt - ﬁt_lHi“ < C’% +Cre W,

Lo+ RA[ > L2 — 2| (L0, B)

2L, B2 1] < 2/BILL L] B BR[| 1] < 00

Since r is fixed, this is of lower order than r/W? for large W. Dropping the nonnegative contribution

For the lower bound,

, and by Cauchy—Schwarz

~ o~ 2
off H; and enlarging W) if necessary gives E HPt — Pt,lHF > cr/WQ. O

Theorem 5.12 (Constant-level adjacent-window drift expansion in the strongly spiked Gaussian
regime). Assume the static Gaussian null on Iy U I;_1, Assumptions 2.2-2.3, fivzed r, W — oo, and
W > Cloglogn. Then

E Hﬁt — ﬁt,luz = lw + O(W_Q)

B QDSub(E,T)
r 2 ‘172 -
w

W12 + o(W™2).

Since ayy = (W —1)/W and dgq,(2,7) = O(1) for fized r, this also implies

[ = Benlr) o),

E Hpt - P,
The first display is the finite-W leading approximation; replacing 04171,2 by 1 changes the scaled
benchmark by a relative O(W 1) amount. The o(W~2) term is meant uniformly over covariance
sequences satisfying Assumptions 2.2-2.3 with the same fized spectral constants; the leading constant
itself is sequence-dependent through dgu, (X, ), and the uniformity is inherited from the shared-core
replacement estimate in Lemma 5.10.
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Proof. Use the event H; and decomposition from the proof of Theorem 5.11. On H,,

ﬁt—ﬁt—l:Lt-i-RtA, Ly = Lc,(Hy),

with IE[HRtAHi 134,] < CW—* and P(HS) < Ce=W; on the complement Hﬁt - ﬁt_lHi’ < 2r.

By Proposition 5.6, E[||L¢||% | Gi] = Q(Ct, X)/W? on the shared-core gap event. Lemma 5.10,
together with Lemma 5.5, gives

1 2
E[||L¢||5 Legore] = — (D (2, 7) —|—0(1)> .
t W2 a%}[/ su

The o(1) term in this display is uniform over the fixed spectral class because Lemma 5.10 gives the
replacement error O(Wﬁl/ 2) with constants depending only on r and the spectral constants. The
loss from further restricting to H; is exponentially small: by Lemma 5.9 and Cauchy—Schwarz,

2 ro_
E[|lLel5 Lagnegre] < Crpge™2.

Finally,
|2+ BA| = 1L + 220, RO+ | BE]

where the remainder square is O(W~*) and, by Cauchy-Schwarz,

< VEILE 1o B BR[| 130] = 007 2),

since r is fixed. Both terms, and the exponentially small off-event contribution, are o(W~2). This
proves the stated expansion. ]

El(Le, R #ln,]

Remark 5.13 (Explicit leading constant and convention check). In terms of the un-doubled
cross-spectral sum s(X,7) = %Dsub(E, r) of Remark 4.2, Theorem 5.12 reads

4s(3,r)

EHPt P 1HF ) W2 Z By _)\ +o(W™2) = W+O(W_2)’
and
B |P- P 1Hi W o(W™?) = (QVSI}(%I))Q o(W™2).

The limiting constant coincides with the population boundary risk E||Ls(H)||7 = 20su,/W? of
Proposition 4.3, as it must: the random-core gap correction 041},2 — 1 recovers the population
linearization. At finite W, however, the more operative leading benchmark is 204,,/(W — 1)2, not
204up,/W?2. Consistency with the conditional functional of Proposition 5.6 also holds by the law of
total expectation, since at the population spectrum Q(aw X, ) = 20454,/ a%v, which divided by W?
gives the displayed finite-W leading term.

6 Numerical check of the leading constant

The leading constant in Theorem 5.12 is easy to check by simulation because the adjacent windows
differ only through two boundary observations after conditioning on the shared core. Figure 1 uses

Y =diag(n+1,...,n+1,1,...,1), n =40, r =3,

16



Adjacent rolling projector increment, n=40, r=3

finite-W reference 2ds,,W2/(W — 1)2
17 - - asymptote 2dsp
® Monte Carlo mean
16 A

. .2.d.5.u.b.;.ii“3.7.7.é: .1.6(.).0. .r.ebll;(;a.t.;olr;s“éél:.vlv. ..............................................
T

50 100 150 200 250
window length W

Figure 1: Monte Carlo check of the leading constant in Theorem 5.12. Error bars are approximate
95% Monte Carlo intervals for the scaled mean; the finite-WW reference includes the a;VQ correction,
while the horizontal asymptote is 205,5(%, ).

with r spikes equal to n + 1 and an O(1) bulk. For each value of W, the experiment draws a shared

core of W — 1 observations and two independent boundary observations, forms the two adjacent
~ o~ 2

sample covariances, computes their top-r projectors, and estimates W?2E HPt - Pt_lHF by Monte

Carlo. The limiting horizontal reference is 204y, (X, 7), equal to 11.3775 for this spectrum. The more
accurate finite-W first-order reference for the scaled mean is

2 w2
— x =2 Y,r)———.
04]2/[/ Dsub( ,’I”) asub( ,7") (W — 1)2

The theorem does not predict the sign of the remaining finite-W bias. In moderate-window
simulations, the Monte Carlo mean may sit above even this a;f reference. That behavior should
be attributed to unresolved higher-order perturbation and random-core replacement terms, not
primarily to the deterministic core-normalization factor.

7 Boundary-driven sharpness

The adjacent-window lower bound requires a precise target. It is not a lower bound for arbitrary
instantaneous drift, and it is not a claim of nontrivial recovery below the null fluctuation floor.
Under a known static null the population instantaneous drift P, — P;_1 is zero and the estimator
D = 0 has zero risk. Under a fully nonstatic class, instantaneous drift may be harder than /W2
because only one new observation is available at each endpoint. We therefore state the sharp r/WW?
lower bound for the overlap-driven rolling target

D= P(%) — P(3_1),

where ¥; denotes the population window average. Equivalently, the same construction applies to
local path models in which adjacent rolling drift is generated by the boundary innovation; it should
not be read as a statement about an unrestricted target P, — P;_1.

17



Proposition 7.1 (Boundary-driven rolling-drift lower bound). Fiz r and suppose n > 2r+1. There
is a finite family of product Gaussian adjacent-window experiments {Pg : © € V} with the following
explicit form. In experiment Pg, the W — 1 shared-core observations are independent N(0,X0)
vectors, the entering boundary observation is N(0,3g), and the exiting boundary observation is
N(0,X_g), all mutually independent. The covariances are

Yo = I, +nhy, Yie =1, +nPie,

where Py is the coordinate rank-r projector and Pio are the graph projectors constructed in the
proof. The boundary covariances satisfy the bulk-plus-spikes and eigengap conditions uniformly. The
corresponding population window averages

1 - 1
by =) — (X — 2 DI = — (X — X
+(©) 0+W( e 0); +-1(0) 0+W( e 0)

have a uniformly separated top-r spectral cluster; their lower cluster is bounded by C(1 +n/W). In
particular, if one additionally imposes W 2 n, then the population window averages also satisfy the
full bulk-plus-spikes condition uniformly. There is a threshold Wy = Wy(r, spectral constants), not
depending on n, such that for all W > Wy, uniformly over n > 2r + 1,

~ 2 r
inf sup Eg ||D — DY(© >c—s.
of sup Eo [ D - Di(0)], = eqp

Proof. Let Py be the coordinate rank-r projector,
I, 0
P():((; 0), ZOIIn—FnP().

For a matrix © € R(™")*" with sufficiently small operator norm, define

Uo = (g) (I, +07e)y 2 Py=UslUs, Xe=1I,+nPe.

Every Yg in this local family has r eigenvalues equal to n + 1 and n — r eigenvalues equal to 1, so
the boundary covariances have uniform spike size, bounded bulk, and eigengap.

We consider the adjacent-window experiment in which the W — 1 shared-core observations have
covariance Yo, the entering boundary observation has covariance >.g, and the exiting boundary
observation has covariance > _g. Thus

- 1 - 1
0(0) =30+ =3 — X ¥i-1(0) =Yg+ =3_e — X
+(©) 0+W( e — o), t-1(0) = Zo + 577 (E-6 — Xo),
and the target is - B
D'(©) = P(£,(©)) — P(5:-1(0)).

The window averages retain a uniform top-r eigengap but need not retain an O(1) lower cluster
unless W is at least of order n. Indeed,

_ 1 1

and Weyl’s inequality gives, uniformly over the local chart,

— 2 — 2
MEO) Zn+1- 22 A (Si(0) S 1+
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The same bounds hold for ¥;_1(0). Hence, for all sufficiently large W, both averages have a top-r
eigengap at least a fixed multiple of n, while their lower cluster is bounded by C(1 + n/W); in the
subregime W 2 n this is the original O(1) bulk condition.

We first record the local geometry of this target. Let

.
K(@):(é 90>

[CHI

The graph-projector formula gives, uniformly for ||©]| op <

0p7’
Po— Py =K(©)+E@®©), P.o—FP=-K(©)+E(-06),

with

|E©) — E@)], < C= |0 - &'
Indeed, this follows by direct block computation from Ug = (I,,0)" (I, + ©T©)~1/2. Writing
M = (I, + ©7©)7/2, one has

M?  M2OT I.+0Te)! I,+0Te) e’

oM? oeMm?eT o(I.+0Te)' ou.+6Te)'e’
so the blocks of E(0©) = Po — Py — K(O) are

E@) = +0T0)' —I.=-0Te+0(|6]*),
E©)n =0, +0Te) e =00’ +0(|e|h,
E©)=[I,+0Te) !t —1]eT =-eTee’ +0(e|?),

and E(©)s = E(O)],. Thus the diagonal blocks are quadratic in © and the off-diagonal blocks
are cubic; in either case E(0) = O(||©||*) and the map © — E(O) has Ce-Lipschitz constant on
|©llop < &, which is all that is used below. (The off-diagonal block is governed by (I, + e'e)
not by (I, + ©7©)~1/2 and its leading correction to © is cubic rather than quadratic.) Since r is
fixed, the constants in this Lipschitz bound are uniform in n on the local chart.

We now make the projector Taylor expansion at Xy quantitative. The top-r eigengap of
Yo = I, + nPy equals n, so Lemma 3.1 gives, for symmetric F, F, s,

[ E1[|op [1E2]lop

5Bl < Oy oo |D2P(s0 + H)[Ey, B3| < C
0 F = T n 9 9 F — T n2

9

the second bound holding uniformly for ||H||,, < n/4. Since Xg — Yo/ = n(Po — Por) = nK (0 —
©') +n(E(O) — E(6')), the block expansion of E above yields

||E@ — Z@/ — ’I?,K(@ — @/)Hop < Cne H@ - @,HF’ ||Z@ - ZOHop < Che.

Because K (0) is supported on the off-diagonal blocks between Py and Pj-, the reduced-resolvent
derivative across the gap n acts by Lx,(nK(0©)/W) = K(0©)/W. Applying the first-order expansion
to X4(0) = Yo+ W1 (Ze — Xg), whose perturbation has operator norm O(ne/W) < n/4 for & small
and W > W, and controlling the second-order remainder by the displayed D?P bound together
with the Ce-Lipschitz property of E, shows that the Taylor remainder for this projector is Lipschitz
of size C'e/W in the chart. Therefore

P(5(0) = Py + K (6) + Ry(®),  P(Si1()) = Py — --K(©) + R_(O),
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where, uniformly for ||©]|_,, [|®],, < &,

op’ op —
|R4(6) - Re(@)] < SZ 0 - ]
Consequently
D(©) — D) = LK(© - ©) + (Ry(6) — Ry (6))) — (R-(6) - R_(6).

Because || K (A)| » = v2||A| , choosing € > 0 sufficiently small gives the bi-Lipschitz lower bound

|prte) - D@ = 5 lle - /| e

Now construct the finite subclass promised in the statement. Let d = r(n — r) and identify
v € {—1,1}* with a matrix ©, € R ")*" whose entries are £h. Set V = {0, : v € {—1,1}4}.
Choose

where x > 0 is a sufficiently small constant depending only on r and the fixed spectral constants.

Since r is fixed,
180lloy < 180l = hyfr(n — 1) < Cu/,

so the whole hypercube lies in the local neighborhood above when & is small enough. By (2), for
any two vertices,

4ch?

ro ro 2 c
|pit©0) - DO, = 775 10 — Ovllk = T

dH(UJ 01)7 (3)

where df denotes Hamming distance.

It remains to bound the testing affinity between neighboring vertices. The W — 1 shared-core
observations have the same law for every v and therefore do not contribute to the Kullback—Leibler
divergence. Only the two boundary observations depend on v.

For two rank-r projectors P, (Q, set

Yp=1I1,+nP, EQ:In—I—nQ.

Since
n

n+1 @
and det(Xp) = det(Xg) = (n+ 1)", the Gaussian covariance KL divergence satisfies

251 =1, —

KL(N(0,3p), N(0,5g)) = % [tx(55'2p) —

n2

= P-Q|>< —Q|%.

In the local chart,
”P® _P@’HF < CH@_@IHF'

Thus, the entering boundary contribution satisfies, if v and v’ differ in one coordinate,

KLenter(PmPv’) <Cn ||®v - @v’H%‘ = Cn(4h2) = Ck.
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The same bound applies to the exiting boundary covariance ¥_g,, versus ¥_g ,, and the shared-core
part contributes zero. Hence the full adjacent-window experiment satisfies

KL(P,,P,) < 2Ck < C'k.

Choosing k small enough, Pinsker’s inequality [19, Ch. 2] gives a uniform edge affinity bounded
away from zero.

Assouad’s lemma [1, 24] applied to the hypercube {©, : v € {~1,1}?} and the separation (3)
yields

~ 2 h?
inf sup E,||D- Do, >cd—.
D wve{-1,1}4 +(O0) F w2
Since d = r(n —r) and h? = k/n,
dh? =r(n—r)= =
r(n r)n r
for n > 2r + 1. Therefore
inf sup E,|D— DY®,) ? > e
D vef-11}4 ! VllE = w2
This proves the lower bound, with V = {0, : v € {~1,1}%}. O

Remark 7.2 (Matching upper bound and the limited sharpness claim). The lower bound of
Proposition 7.1 is rate-sharp over the same local boundary family, but the matching upper bound
is intentionally trivial. The estimator D = 0 attains worst-case risk of order r/W? because the
constructed rolling drift is itself only at the null scale. Indeed, the first-order projector expansion at
>0 used in the proof gives, uniformly over the local neighborhood,

|Drt@)]|, = o [2K(0) + W(R,.(0) ~ R-(©))]|, < <=6l

F

so that on the hypercube

roll 2 _C o C o T
< — = —dh® = —.
Y DOy < g2 190l = g2 d1™ =
Consequently
. n roll 2 roll 2 r
inf sup E,|D-Di"(0,)| < sup |[|Di*(0y)| <C,
D ve{-1,1}4 ve{—1,1}4 F 14

and Proposition 7.1 gives the reverse inequality up to constants. Thus the minimax risk over this
least-favorable family is exactly of order r/W?2. This should not be read as a nontrivial estimation
theorem below the benchmark of Theorem 5.11; it says that, when the rolling signal is manufactured
at the same scale as the static-null fluctuation floor, no estimator can improve the rate, and
outputting zero is already rate-optimal on this least-favorable family.

Remark 7.3 (Instantaneous versus rolling drift). Proposition 7.1 concerns D°!!, not the arbitrary

instantaneous target P, — P;_1. A lower bound for instantaneous drift requires an additional local
path model linking P; — P;,_; to the boundary difference seen by the two adjacent rolling windows.
Without such a link the problem can be either easier, as under a known static null, or harder, as in
unrestricted nonstationary models. Thus the sharpness claim in Proposition 7.1 is intentionally a
rolling-target claim.

21



8 Discussion

The central mechanism in this analysis is the shared-core decomposition of adjacent rolling windows.
It yields a null increment scale that is smaller by one factor of W than the single-window projector
error: the single-window perturbation uses W noisy observations, whereas the adjacent difference uses
only the entering and exiting observations after the common core cancels. Under the bulk-plus-spikes
scaling this produces the two scales

single-window projector scale r/W, adjacent overlap drift scale r/W?2.

We stress that, under the static null, the constant 204}/ W? is a null-fluctuation floor rather than a
measure of any real movement of the population subspace, which is fixed: it quantifies the noise
that genuine drift must exceed to be detectable.

The lower-bound construction in Proposition 7.1 is separate from this null calculation: it concerns
the rolling target D{COH in a boundary-varying family, and its matching upper bound is the zero
estimator because the constructed signal is already at the null scale. The construction keeps the
boundary covariances in the stated bulk-plus-spikes class. The population window averages retain a
uniformly separated top-r cluster, which is what the rolling target needs, but their lower cluster is
O(1 4+ n/W); hence the averages themselves satisfy the full O(1)-bulk version of Assumption 2.2
only in the additional regime W 2 n.

The leading constant is not obtained by applying Davis—Kahan [7] to two independent windows.
It requires conditioning on the shared core, expanding each endpoint around that same random
core, and then replacing the random-core variance functional by its population limit. Two distinct
calibrations follow from the same conditioning: the magnitude benchmark 204.,/(W — 1)? of
Theorem 5.12, with limiting shorthand 204,,/W?, which is asymptotic and carries the factor-of-two
convention of Remark 4.2, and the exact finite-sample sign symmetry of Theorem 5.2, which needs
no constant at all and so remains calibrated for a fixed oriented contrast even when the magnitude
scale is in doubt. Sequential use over many overlapping times, however, still requires the additional
dependence handling described in Remark 5.4.

Remark 8.1 (Scope: spectral regime and Gaussianity). Three boundaries of the present analysis
are worth stating explicitly.

First, Assumption 2.2 fixes the benign, strongly spiked regime: r spikes of order n separated
from an O(1) bulk by a gap of order n. It is precisely this ©(n) separation that makes the
rates dimension-free, the linearization remainder negligible, and the spectral-difficulty functional
Osub = O(r). The harder high-dimensional regimes — bounded spikes, a shrinking eigengap, or
proportional growth with n/W of constant order, where Baik—Ben Arous—Péché phase-transition
phenomena and nontrivial eigenvector inconsistency arise — are deliberately excluded, and the
constant 201/ W2 should not be expected to persist in that setting.

Second, the conditioning argument requires an exchangeable boundary pair independent of the
shared core. The i.i.d. Gaussian null supplies this directly; serial dependence, volatility clustering,
or deterministic local trends can make r; and r;_y nonexchangeable after conditioning on the core,
in which case the exact sign-randomization statement does not apply without an additional blocking
or model-based resampling step.

Third, the exact constant is Gaussian. The exact sign-randomization statement uses only
conditional exchangeability of the boundary pair. The magnitude rate r/W? is expected to
extend beyond Gaussian innovations under additional assumptions ensuring shared-core eigengap
concentration and suitable quadratic-chaos moment or tail bounds, but that extension is not proved
here. At the purely linearized second-moment level, non-Gaussian innovations would introduce
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fourth-cumulant terms; finite fourth moments alone do not give the full high-dimensional theorem
proved here. Thus the constant 20, is specific to the Gaussian Isserlis calculation, while non-
Gaussian boundary innovations generally lead to model-dependent leading constants.
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